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Abstract

An algorithm is described for generating stochastic thtieeensional (3D) cloud elds
from time-height elds derived from vertically pointing dar. This model is designed to
generate cloud elds that match the statistics of the inplts as closely as possible. The
major assumptions of the algorithm are that the statistidhe elds are translationally
invariant in the horizontal and independent of horizonteation, however, the statistics do
depend on height. The algorithm outputs 2D or 3D stochagtids of liquid water content
(LWC) and (optionally) effective radius. The algorithm iganeralization of the Fourier
Itering methods often used for stochastic cloud modelse Hourier ltering procedure
generates Gaussian stochastic elds from a "Gaussian’setogelation matrix, which is a
function of a pair of heights and the horizontal distance€’lag”). The Gaussian elds are
nonlinearly transformed to give the correct LWC histogramgach height. The "Gaussian”
cross-correlation matrix is specially chosen so thaty dffte nonlinear transformation, the
cross-correlation matrix of the cloud mask elds approxieia matches that derived from
the input LWC elds. The cloud mask correlation function leosen because the clear/cloud
boundaries are thought to be important for 3D radiativestiemeffects in cumulus.

The stochastic cloud generation algorithm is tested withetimonths of boundary layer
cumulus cloud data from an 8.6 mm wavelength radar on thedstéd Nauru. Winds from
a 915 MHz wind pro ler are used to convert the radar elds freime to horizontal dis-
tance. Tests are performed comparing the statistics of @ddr+derived input elds to the
statistics of 100 2D and 3D stochastic output elds. The lgfmpint statistics as a func-
tion of height agree nearly perfectly. The input and stottbatoud mask cross-correlation
matrices agree fairly well. The cloud fractions agree tcimif0.005 (the total cloud frac-
tion is 18%). The cumulative distributions of optical deptloud thickness, cloud width,
and intercloud gap length agree reasonably well. In therdutilnis stochastic cloud eld
generation algorithm will be used to study domain averageda8liative transfer effects in
cumulus clouds.
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1 Introduction

The radiative effects of cloud horizontal inhomogeneityyrbe divided into two
parts (e.g. Cahalan et al. , 1994; Varnai and Davies , 199%)elone-dimensional
heterogeneity effect due to optical depth variability, &)dhe horizontal trans-
port effect of light moving between columns (Cahalan et 4994). For climate
applications in which domain averaged uxes are importame, rst effect can
be addressed adequately by the independent column apgiboimin which one-
dimensional radiative transfer results are integrated thesdistribution of optical
depths. There appears to be a consensus that for overaads ¢eog. stratocumulus
with 100% cloud fraction) the horizontal transport effeirisigni cant for domain
average solar uxes (Cahalan et al. , 1994; Chambers et &897;1Zuidema and
Evans, 1998; Di Giuseppe and Tompkins , 2003). For brokemdcéoenes, the ef-
fect of horizontal transport on domain average solar uxsasuch more uncertain.
Studies with arrays of idealized cloud shapes (e.g. AidaAM, 1977; Welch and
Wielicki , 1984) indicate that there is a potential for lafgeore than 20%) biases
from neglecting horizontal transport. Signi cant horizahtransport effects have
been noted in more realistic but still idealized elds of ken clouds (Barker and
Davies , 1992; Di Giuseppe and Tompkins , 2003). Some studiieoken clouds
reconstructed from remote sensing re ectances have shoederate but signif-
icant horizontal transport effects (Chambers et al. , 199Hirok and Gautier ,
1998) while others have not, in absolute terms (Benner amah&y2001). Studies
with elds simulated by dynamical cloud models have showa llorizontal trans-
port effect to be small in the domain average even for coixectouds (Barker et
al., 1998; Barker et al., 1999; Fu et al., 2000; Scheirer aadkd , 2001).

Determining the signi cance of horizontal radiative traiost in broken clouds for
climate applications requires the ability to measainel simulate the full range of
actual cloud structure. The three-dimensional (3D) clotadijative transfer prob-
lem is not a radiative transfer issue, per se. Monte Carl@tiad transfer models
can accurately and ef ciently model the domain averagersabes for arbitrary

cloud elds. The dif cult issue is generating cloud properelds that are statis-
tically representative of the cloud elds in nature. Fielg®duced by dynamical
cloud models are attractive because they contain everythit is needed for ra-
diative transfer models. However, dynamical cloud modelsehnot been able to
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simulate the realistic cloud structure needed becauseey)dre models with an
unknown correspondence to reality, 2) too few cloud sinmomhetare used in radia-
tive transfer studies to provide statistically meaningggdults for quantifying the
signi cance of 3D effects in natural clouds, and 3) they hamenadequate range of
spatial scales (a 3D cloud model simulation over a GCM griidmmain typically
has 2 km grid cells, which does not resolve the radiativdigvant cloud structure
down to about 10 m).

Currently there are no techniques to measure 3D elds ofctlproperties. Pas-
sive solar and infrared remote sensing can measure the wpuemperature and
estimate the optical depth (though with large uncertasrftiem 3D radiative trans-
fer effects), but cannot provide the complete cloud stmecheeded. Perhaps the
most promising method for measuring cloud structure inogliy thicker clouds
is millimeter-wavelength radar. One major dif culty in ug radars for retrieving
cloud properties is that they measure the sixth moment ofitbplet distribution
and hence are very sensitive to contamination by precipitatWhile this a seri-
ous problem, we believe that radars can provide useful dtwdture even though
microphysical retrievals are uncertain. However, clowthra lack the sensitivity to
measure very weak cloud echos (down to -50 dBZ or less) wh#darsng rapidly
enough to build up 3D structure before the cloud eld chand&s-dimensional
scanning may be feasible, but with lower sensitivity. Mdstid radars are operated
in a vertically pointing mode which allows longer time intations for improved
sensitivity. There are several long term monitoring prtgeith vertically point-
ing radars including 1) the Atmospheric Radiation Measw@wenfARM) program
with radars in Oklahoma, on Nauru and Manus islands in th@dabwest Paci c,
at Darwin in Australia, and at Barrow in Alaska (Clothiauxatt, 1999), 2) the
Chilbolton site in England (Kilburn et al., 2000), and 3) thabauw Experimental
Site for Atmospheric Research (CESAR). Cloud radars haselzen deployed in
numerous eld campaigns ([e.g. Frisch et al., 1995; Millad&lbrecht , 1995).
These radars have adequate sensitivity, vertical resoluéind time sampling to
measure cloud structure. The horizontal cloud structui@nmation from a ver-
tically pointing radar is somewhat indirect, of course csiit relies on the wind
advecting the clouds by the radar. It is straightforwarddovert the time dimen-
sion to distance with an advection speed to obtain 2D (X-dyudalstructure for
radiative transfer experiments (Zuidema and Evans , 199@)Never, it is likely
that the horizontal transport effects of broken clouds atenell approximated by
2D cloud structure, since 2D clouds have less side area fiiopheakage than 3D
clouds. Therefore, there is a need for a numerical techrtigaeerive realistic 3D
cloud structure from vertically pointing radar data.

The horizontal structural information from a verticallyipting radar is only sta-
tistically related to 3D cloud structure. Therefore, a noetlis needed to generate
stochastic cloud elds with statistics derived from radamce the horizontal ra-
diative transport effect depends on the cloud aspect ratgp Welch and Wielicki
, 1984), it is important to include vertical and horizontalsture, and their rela-



tionship, in the statistics. All previous stochastic clouddels have attempted to
generate the key aspects of realistic cloud elds with ju#va parameters. This
approach is appropriate for learning how the cloud paramsettfect 3D radia-
tive transfer, but cannot closely t detailed measuremeitdoud structure. These
simple stochastic cloud models include bounded cascadelswith internal vari-
ability (Cahalan et al. , 1994; Marshak et al., 1998) and$twiglistributions of ho-
mogeneous cloud elements (Zuev and Titov , 1995). The dfgorleveloped here
comes from the Fourier Itering family of stochastic clouddels Voss (1985);
Schertzer and Lovejoy (1988); Barker and Davies (1992)nEvé1993); Varnai
(2000); Di Giuseppe and Tompkins (2003). Usually these rsodter noise in
the Fourier domain with a power law () to make scaling or “fractal” elds.
The lItered stochastic Fourier eld is transformed to “resggace”, and a nonlinear
function is applied to each pixel to produce the cloud eldt€o optical depth or
extinction). The attenuation of higher Fourier frequeadyy the power law intro-
duces spatial correlations to produce realistic lookimmgid| elds.

Most of the previous stochastic cloud models had no vertiaabbility and xed
cloud thickness. Those with cloud top height variabilitpded to have uniform
extinction (e.g. Marshak et al., 1998; Varnai , 2000). Thasth true 3D vari-
ability tended to have the same statistics vertically andzbatally (e.g. Evans ,
1993), though this shortcoming is theoretically overcom8c¢hertzer and Lovejoy
(1988). The model of Di Giuseppe and Tompkins (2003) is chife from other
stochastic models in that it is based on thermodynamicakjples, but while it
has a realistic vertical pro le for stratocumulus, that pgas xed.

In contrast to previous stochastic cloud models, the agprtaken here is to match
the statistics of detailed cloud structure measurementasly as possible. This
type of a stochastic cloud algorithm could be called a dategdization model
because it allows the radar data to be generalized to thneendions and to many
realizations. The stochastic eld generation algorithrauases that the cloud eld
is statistically homogeneous and isotropic in the horiab(ite. the statistics are
independent of horizontal position and the two horizonit@ations are equivalent).
The algorithm generates an ensemble of liquid water corit&dC) and effective
radius ( ) elds (either 2D or 3D) from input time-height images of L\&hd

The single-point probability distribution (e.g. histograf LWC) for each height
in the output elds matches that of the radar-derived inpeltls. The output elds
approximately match the binary cloud mask correlation fiomg ,
which depends on the levelsand and horizontal separation . We choose
to match the two-point probability density function of tHewwd mask eld because
we believe that cloud boundaries are the most relevant agpélae eld for 3D
radiative transfer in broken clouds.

The next section provides an overview of the stochasticccl@ld algorithm,
while the details are described in the appendix. The thicti@e gives examples of
stochastic cloud elds generated from the ARM radar on Naurd shows the re-



sults of tests of the faithfulness of the stochastic clogadadhm. The nal section
summarizes the paper, discusses possible extensions sioitteastic algorithm,
and its future application.

2 Stochastic cloud eld generation algorithm

This section gives an overview of the stochastic eld getieramethod and de-
scribes the reasoning behind the choices made in develdpenglgorithm. The
appendix gives the full details of the algorithm. There are fundamental assump-
tions that underlie the technique: 1) the two horizontagclions are equivalent
(horizontal isotropy), so that 3D elds may be generatedrifrstatistics obtained
from 2D radar-derived elds, and 2) the statistics do notefgpon horizontal lo-
cation (translational invariance), but do depend on heilghs straightforward to
produce elds having the correct single-point statistipsopability density func-
tion or pdf) for each vertical level. It is much more dif cuib generate elds hav-
ing the desired two-point and higher order statistics, Widetermine the spatial
structure. The general two-point probability density filoxe assuming horizontal
homogeneity and isotropy is ,wWhere and are the values
at the points and . Not only does this ve dimensional two-point pdf
require a huge amount of data to de ne it, but there do not apfzebe any existing
algorithms for producing stochastic elds with that degocégyenerality. There are
methods, however, for generating elds with Gaussian stiag having a speci ed
correlation function, . For Gaussian elds the two-point pdf is
completely speci ed by the correlation function. Anotheason for focussing on
Gaussian elds is that linear combinations (e.g. via Fautiansforms) of nite
variance random deviates will tend to produce Gaussians elde to the central
limit theorem.

One ef cient method for generating Gaussian elds with a @l correlation
function is described here. This is a generalization of tberier Itering method
used in previous stochastic cloud studies. Let the cros®iation matrix
be the discrete version of the correlation function withicat level indices and

( ) and the difference between horizontal indices.
The rst step is to Fourier transform each element of the cross-correlation
matrix from lag to Fourier wavenumber to obtain the cross-spectral density ma-
trix, . The cross-correlation matrix must be symmetric because of
the horizontal isotropy assumption, so is real and symmetric in, and
is obtained from using a fast cosine transform. Bothand are symmetric in

. For each Fourier componentthe  eigenvalues, , and eigenvectors,

, of the cross-spectral density matrix are computed. It ihis eigen-
vector/Fourier space that independent Gaussian noisdtexéd”. In the Itering
process, zero mean, unit variance, complex Gaussian raddoiates are
multiplied by “ Itering amplitudes”, . These amplitudes are the square root



of the eigenvalues, . The independent random components are
then transformed back to “real space”, which produces tseet spatial correla-
tions. The vertical transform is performed for eachy multiplying the stochastic
component vector by the eigenvector matrix,

(1)
Then is fast Fourier transformed in to obtain the real space 2D Gaus-
sian eld, . A large ensemble of Gaussian elds generated in this manner
will have the desired cross-correlation matrix, . Figure 1 illustrates the

procedure for generating a stochastic 2D Gaussian eld ¢aednal nonlinear
transformation to a LWC eld). The appendix describes howlbtain the Itering
amplitudes for generating horizontally isotropic 3D Gaussian eldsrfr
the cross-correlation matrix for 2D (X-Z) elds. This is noivial because the az-
imuthally symmetric power spectrum of planar elds () is not the same as
the power spectra of lines sampled from the planes (e.g. ).

The procedure described above for generating correlabetiastic Gaussian elds
is mathematically equivalent to using principal componemilysis or empirical
orthogonal functions (EOFs) with random Gaussian ampisudPrincipal com-
ponents are the eigenvectors of the correlation matrix]Jenthie eigenvalues of
the correlation matrix are the variances of each compomantonstruction, the
principal components are uncorrelated or orthogonal th eflcer. Thus stochas-
tic principal component amplitudes may be generated byiphyilhg independent
Gaussian random deviates (with unit variance) by the squateof the eigenval-
ues. The transformation from principal component spack twathe original space
introduces the desired correlations. For translationalriant elds the correlation
matrix is Toeplitz, meaning it is a function of the differenbetween the two in-
dices, . It can be shown that the eigenvectors of such
a correlation matrix are sines and cosines, and thus theiplecomponent trans-
form is a Fourier transform. Therefore, the eigenvectaufter transform procedure
described above is simply a fast way to perform a principlagonent transform
when the statistics are translationally invariant in thezemtal.

The method described so far can generate Gaussian eldsangtiosen correla-
tion function, but the liquid water content eld of clouds sghly non-Gaussian.
Not only is the LWC distribution often similiar to log-normdut over 90% of a
cumulus eld has a LWC of zero (clear sky). It is not dif culhowever, to trans-
form a Gaussian eld to one having the observed LWC pdf usihgo&up table.

The problem is that doing this nonlinear transformationnges the correlation
function so it no longer matches the observed one. Therefeaneed to nd the

cross-correlation matrix of the Gaussian eld (“Gaussianrelations”) such that
when the Gaussian eld is nonlinearly transformed, the Iteggicross-correlation



Stochastic Field Generation Procedure
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Fig. 1. Anillustration of the four major steps in generatmgtochastic liquid water content
(LWC) eld from the previously derived statistics.

matrix matches the observed correlations. The simplestioddb do this would be
to transform the input elds to have a Gaussian distribuaoi then compute the
correlation matrix. This is impossible, however, becaimehuge lump of proba-
bility at zero prevents the LWC distribution from being tsémrmed to a smooth
Gaussian distribution. Using the total water (vapor pluid) content instead of
LWC is a conceptually appealing way to avoid the zero LWC feot(Di Giuseppe

and Tompkins , 2003), but is not practical when deriving tloaid statistics from

measurements because the total water eld is not currebgivable.



There are iterative methods that adjust the Gaussian carsslation matrix so
that the correct correlation function is obtained afternbelinear transformation
(e.g. Popescu et al. , 1997), but convergence is not guadniaother approach
is to transform the cross-correlation matrix in LWC spacéh®equivalent Gaus-
sian cross-correlation matrix. For a given pair of levels,( ) and horizontal
distance (), the cross-correlation matrix has only one number to desd¢he two-
point statistics. Thus, we have to decide what single aspiettte full two-point
pdf, , IS most relevant to capture. One could match the LWC cdrogla
though that might be dominated by the highest LWC values.tierochoice is to
match the correlation of the log of non zero LWC values. Oteriest here is in
the 3D radiative effects of cumulus elds, so we choose iadt® match the cross-
correlation matrix of the binary cloud mask eld, since tloeation of the cloud
boundaries appears to be important for nite cloud 3D radeatransfer effects.
We also note that the two-point statistics of a binary eld abompletely described
by its correlation function. This can be shown by considgtimat the two-point

pdf for a binary eld reduces to four probabilities: is
the probability that both points are cloudy, is the probability
that both points are clear, and and are the

probabilities one point is clear and the other is cloudy. fidue probabilities must
sum to unity, and the single-point statistics provide twaenequations (related to
the cloud fractions, and , at the two points), thus there is only one available
degree of freedom in the two-point pdf. The relationshipugetn the correlation of
the binary eld (the “binary correlation”) and the two-paiprobabilities ( ,

) is given in the appendix.

The binary cross-correlation matrix is computed from theyriaput images. Each
input time-height LWC eld is rst linearly interpolated ta horizontal grid with
the same spacing as the vertical grid using an input aspeetderived from the
advection speed for that image. A user de ned thresholdes tised to make the
cloud mask from the X-Z LWC eld, and the cross-covariancenmas calculated
using fast Fourier transforms. The cross-covariance oegrare accumulated and
then normalized to produce the binary eld cross-correlatinatrix,

The binary cross-correlation matrix is converted to the $3&n cross-correlation
matrix element-by-element using a lookup table. The lodalgbe is made by nu-
merically integrating bivariate Gaussian distributioog¢late the Gaussian space
correlation to the binary mask correlation, which also eejseon the cloud frac-
tions and hence pair of levels, . Unfortunately, the Gaussian correlation ma-
trix produced by element-by-element transformation isallgunot positive de nite,
and hence some eigenvalues are negative (i.e. negatianea)i Fundamentally,
this is because the elements of a correlation matrix arenu@pendent: if A is
highly correlated with B, and B with C, then A and C must be etated. An opti-
mization procedure is used to nd a positive de nite corteda matrix that is close
to the desired Gaussian correlation matrix. The elementiseo€Cholesky decom-
position of the cross-spectral density matrix are adjusted to minimize



the weighted squared error in the Gaussian correlatiorth @arrelations near 1
having more weight). The Cholesky decompositionis the “square root” of

( ), thus the cross-spectral density matrix is guaranteee todsitive
de nite and so is the Gaussian cross-correlation matrix

The single-point statistics and the Gaussian cross-@tiwal matrix may be stored
for later use in generating any number of stochastic elds $tochastic Gaussian
elds are computed as described above and then transformbedve the correct
LWC distribution with a lookup table for each vertical lev&he elds in a whole
ensemble, not each output eld, are forced to have the obslesingle point statis-
tics. Since the correlation statistics used in the clouggaion algorithm are based
on the cloud boundaries, the same Gaussian correlatioixngatrsed to generate
the effective radius () elds. The Gaussian noise used to generate thelds is
correlated with the LWC Gaussian noise so that the resulfig and  elds
have the observed correlation. The lookup table that césntbe second set of
Gaussian elds to the elds is derived from the input elds and depends on the
LWC value. This assures that appropriate values @re produced for each LWC
value, so that, for example, does not occur inside of clouds. The resulting
stochastic elds should have the correct pdf of LWC andor each vertical level
and have the observed cross-correlation function for tharlicloud mask eld.
The major elements of the algorithm are summarized in a @vtlFig. 2).

3 Examples and tests for cumulus elds from Nauru

The stochastic cloud eld generation algorithm is testethwhree months of bound-
ary layer cumulus cloud radar data from the ARM Millimeteaweglength Cloud
Radar (MMCR) on the island of Nauru (latitude 0.53]1 longitude 166.91).
The MMCR is a vertically pointing Doppler radar that opesatd 34.86 GHz
(8.6mm) (Moran et al., 1998). About every 40 seconds the MMg&es through
four different operational modes, each with different snty, spatial resolution,
and height range (details of the operational modes are ithi@alax et al. (1999).
Mode 1 is speci cally designed for boundary layer cloudshMb m range reso-
lution and high sensitivity (estimated in Clothiaux et dl999) to be -55 dBZ at
1 km) due to 8 bit pulse coding. Mode 3 is the “general modeh®w@ m resolution
and sensitivity of -49 dBZ at 1 km. Mode 2 is for cirrus and wathbit pulse coded
has a minimum range of about 3 km, so that it is not useful famidary layer
clouds. Mode 4 is less sensitive than mode 3. We choose to adesrl and 3 to
have equal time separation of about 20 seconds between aagies Using only
mode 1 data would double the sampling time and hence thedmalzresolution.
The mode 1 data are averaged to 90 m resolution to match the fddta, and
the radar re ectivities from modes 1 and 3 are merged in tifirtee radar re ec-
tivity data are editted to remove noise pixels with the thodds set to -44 dBZ
and -37 dBZ at 1 km (and increasing with the ranged squaredhéales 1 and 3,
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Fig. 2. The main conceptual elements of the stochastic ggarralgorithm for cloud liquid
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radius eld has been omitted. The top part illustrates thecpdure for computing the sin-
gle-point and two-point statistics from the input 2D imag&hke bottom part illustrates
using the statistics to generate stochastic 3D LWC elds.

respectively. Since mode 3 is less sensitive, times for lwthe mode 3 re ectivi-
ties are below the threshold are lled in by interpolatioth& surrounding mode 1
data (at the same range) are valid. Single pixel clouds (@mgergate and one time
sample) are assumed to be remnant noise pixels and are remove

The cloud liquid water content (LWC) and effective radiug @re retrieved from
radar re ectivity () with a lookup table made from the Bayesian retrievals de-
scribed in McFarlane et al. (2002). The Bayesian algoritomizines MMCR re-
ectivities and microwave radiometer brightness temperas witha priori micro-
physical information from in situ cloud probes operatedingiishallow cumulus
experiments in Hawaii and Florida. The prior pdf of the setahird, and sixth
moments of the droplet size distribution is tted to datanfréwo cloud probes that
measured size distributions of cloud droplets and drizeégsl The Bayesian re-
trievals from July 1999 are shown in Fig. 3. There is littlatser in the Bayesian

retrieval LWC-

relationship below about -30 dBZ because there the retrisva

based almost entirely on the radar data due to the lack oftséysof the mi-
crowave radiometer. Above about -25 dBZ, the mean LWG@Gelation increases
more slowly due to the increasing prevalence of large claogldts that give high
relation has little scatter and increases more steadily.
The lookup table (also shown in Fig. 3) is made by averagia@idyesian retrieval

but little LWC. The
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values for LWC and in each 1 dBZ wide re ectivity range. The lookup table thus
represents the mean results of the Bayesian retrieval sing it avoids the Monte
Carlo noise present in the Bayesian retrievals. The lookbfetis used to retrieve
LWC and from the Nauru radar images for June through August 1999 é2)d
over the range from -50 to -10 dBZ. Pixels with re ectivityskethan -50 dBZ are set
to clear sky, and columns having a maximum re ectivity gegdhan -10 dBZ are
considered too contaminated with drizzle to use. The retdé WC and images
are for 3 hour periods (about 540 time samples). If there etreeval gaps caused
by precipitation then the 3 hour images are sliced into coatis segments of at
least 128 time samples without slicing through any cloudefity- ve 90 m range
gates with heights from about 500 m to 2750 m are output, wtacthain nearly all
the boundary layer cloud. A total of 744 image segments aated from the three
months of MMCR data.

The time dimension is converted to horizontal distancegisircloud advection
speed in what is sometimes called the frozen turbulencergssn. Advection
speeds for the cloud elds are obtained from the NOAA 915 MHndwpro ler
based at the Nauru airport about 3 km south of the ARM site. Iem vertical
resolution wind pro les are averaged to the 3 hour periodthefcloud retrievals.
Time is converted to horizontal distance with the mean LW@Wwed wind speed
for each segment. The horizontal-to-vertical aspect ratithe retrieved pixels
ranges from 0.56 to 3.3 and averages 1.9 (8.6 m&Z) s/90 m). Figure 4 shows
examples of the radar-derived liquid water content X-Z sId

The stochastic cloud eld algorithm is run to gather statstrom 744 input LWC
and X-Z elds and generate 100 2D elds ( pixels) and 100 3D elds

( pixels). The LWC threshold for making the binary cloud mask
eld for the correlation matrix is 0.01 g/m The eigenvalue threshold (see
appendix) is setto  so that the eigenvalues are essentially used as is. Figure 5
shows the rst six stochastic 2D LWC elds. The cloud fragtiand peak LWC
varies markedly from eldto eld. The stochastic LWC eldssually show a good
correspondence with the radar-derived elds. One systerddterence that can be
seen is the lack of wind sheared clouds in the stochastics,edthce shear is an
asymmetry that violates the strict isotropy assumptionen@dt see section 4 for
how this problem could be remedied). Figure 6 shows the alptiepth derived
from the LWC and of one of the 3D stochastic elds.

We now quantitatively compare the statistics of the stoibtaslds and the radar-
derived input elds. The rst tests of the stochastic cloudngration algorithm
checks whether the output elds match the single-point pdf the binary cross-
correlation matrix as claimed. Figure 7 con rms that theembles of 2D and
3D output LWC elds match the cloud fraction and mean cloud CWf the in-
put elds almost perfectly. The pdfs of LWC and for each height match very
well, as indicated by maximum cumulative distribution ditftnces near zero (not
shown). The binary correlation matrices of the input andlsastic elds are com-
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Bayesian Liquid Cloud Retrievals
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Radar Retrieved LWC Images
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Fig. 5. The rst six stochastic LWC X-Z elds.

pared by computing the cross-correlation matrix of the lyirddoud mask made
from X-Z slices of the stochastic elds. Since the binaryssacorrelation matrix,
, Is a function of three dimensions and dif cult to visualjzee instead
compute a weighted average difference over the heightdevih the weights be-
ing the product of the cloud fractions for each level. Fig8rehows the weighted
average binary cross-correlation matrix differences li@er 2D and 3D stochastic
elds. The weighted average differences in correlationaveut 0.02. The agree-
ment in binary correlation is much worse for height levelgwow cloud fraction
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Example Stochastic 3D Optical Depth
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Fig. 6. The optical depth image for one stochastic 3D eld.

than for levels with higher cloud fraction. One cause of tifeecence in binary
correlation between the input and stochastic elds is thestthents necessary to
make the Gaussian cross-correlation matrix positive de.nAnother reason for
the difference is the relatively small size of the ensemigbedy 100 members),
which leads to signi cant stochastic uctuations. Unlikeet single-point statistics
which are forced to match the input over the ensemble, theledion matrix of the
Gaussian stochastic elds will be exact only in the limit dbage number of elds.

It is also important to compare other aspects of the radavetkinput and stochas-
tic output elds. The binary cloud mask cross-correlatioatrx is only a small part
of the two-point and higher order probability distributsyiso it is not obvious that
by itself the binary correlation matrix will provide enougpatial information for
generating the stochastic elds. Here we choose four sirojoled parameters that
are relevant for radiative transfer: cloud optical deplbwid thickness, cloud width,
and gap length between clouds. The optical depth is made tiherhWC and
elds assuming geometric optics. The cloud width and gagtemare de ned from
a cloud mask eld obtained by thresholding optical depth.&t Gor 3D elds, the
2D cloud mask is sampled into produce 1D elds from which the cloud width
and gap length are calculated. Figure 9 compares the cuwauthstribution of op-
tical depth between the input and stochastic elds. Thefgma 2D stochastic cdf
agree very well, but the 3D stochastic elds have too few deof moderate (5 to
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Fig. 7. Comparison of input and stochastic single poinistes as a function of height for
the liquid water content eld.

15) optical depth. This difference could be due to stochasttuations. The g-
ure also lists the cloud fractions, which show good agreénfégure 10 compares
the cumulative distributions of cloud thickness, and shtivesagreement to be ex-
cellent. This is not particularly surprising, since thedsycross-correlation matrix
depends on the level heights. Figure 11 compares the cuweutiistribution of
cloud width and the gap length between clouds.

There is a signi cant difference betweent the input and lséatic distributions,
which is mainly due to 15%—-18% of the stochastic clouds b8&gn wide com-
pared to only 1% of the radar-derived clouds. Single pixeluds have been re-
moved in the radar processing and the input eld aspect iiatissually greater
than unity, which accentuates this problem, but one wouilldrsint the stochastic
algorithm to be able to capture the lack of very small cloudhe input. The pres-
ence of one pixel wide clouds in the stochastic elds may be tiuthe algorithm
having no information on three-point statistics. (The tpant pdf has information
on the clear-to-cloud and cloud-to-clear transitions, it on clear-to-cloud-to-
clear events.) The cloud gap length distributions behawdagily, with 10% of the
stochastic elds having 90 m gaps compared to only 0.4% ofrpat elds. The
cloud width and gap length distributions match well for Erglouds and gaps. The
comparison of cloud parameters between the stochasticantl elds is summa-
rized in Table 1.
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Binary Cloud Mask Correlation Function Agreement
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Fig. 8. The difference in the binary cross-correlation mmaéis a function of horizontal
lag between the input and stochastic elds. The cross-t@iom matrix differences are
averaged over the pairs of height levels with weighting leyfoduct of the cloud fractions.
The binary correlation matrix for the input elds, also aaged with weighting by the cloud
fractions, is shown for comparison.

Table 1
The mean and standard deviation of cloud parameters for4#hénput 2D elds, the 100

2D stochastic elds, and the 100 3D stochastic elds.

Parameter Input 2D stochastic 3D stochastic
mean stddev mean stddev mean stddev
Cloud optical depth 5.74 641 590 6.79 6.29 7.00
Thickness (km) 0.29 0.22 0.29 0.22 0.29 0.23
Base height (km) 076 029 075 027 075 0.28
Gap length (km) 420 801 357 640 3.90 165
Cloud width (km) 0.93 1.15 0.79 1.01 0.82 1.10

4 Summary and Discussion

An algorithm has been developed to generate stochasticamtbree-dimensional
cloud elds based on time-height elds derived from verliggointing radar. Un-
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Fig. 10. Comparison of the cumulative distribution of cldb@tkness.

like previous stochastic cloud models that use only a smattlrer of input pa-
rameters, this “data generalization model” is designecettegate cloud elds that
match the statistics of the input elds as closely as possibhe algorithm outputs
2D or 3D stochastic elds of liquid water content (LWC) andp{mnally) effec-
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tive radius ( ). The major assumptions of the algorithm are that the sizdisf
the elds are translationally invariant in the horizontaldeindependent of horizon-
tal direction (isotropic). The statistics of the stochastilds do depend on each
vertical level, however. Another assumption is that thazwontal statistics are ad-
equately represented from the time series by simply coimgetime to distance
using an advection speed obtained from a measured windeoro |

The stochastic eld generation algorithm can be thoughtsoftaring noise with a
principal component (PC) transform. Independent Gaussise is generated for
each PC with a variance equal to the desired PC variancaheesigenvalues of
the correlation matrix). The eld is then transformed fror@ Bpace to real space,
producing the desired spatial correlations. The vertigalgform is the usual mul-
tiplication by the eigenvector matrix. The horizontal sérm, however, is a fast
Fourier transform because thatthe PC transform for a translationally invariant
correlation matrix. Three-dimensional stochastic elds generated assuming an
isotropic Itering amplitude function in Fourier space, igh is derived from the 2D
amplitude function. The resulting stochastic elds in rephce have the expected
cross-correlation matrix, but they have a Gaussian digidgh. Therefore, a non-
linear transformation is performed on the ensemble of Ganselds so that the
LWC and single-point probability distributions match those of thput elds at
each height.

The dif cult aspect of the stochastic algorithm is that trenhnear transformation
from a Gaussian eld to the LWC eld changes the cross-catieh matrix. The
cross-correlation matrix is a complete description of the-point statistics of a
Gaussian eld, but not of a general eld. Therefore, due to ioterest in 3D radia-
tive effects of cumulus clouds, we choose to attempt to midteltross-correlation
matrix of the cloud mask eld (as a function of two height l&v@and horizontal
distance). With much effort, the binary eld cross-corteda matrix is translated
approximately to the equivalent Gaussian eld cross-datien matrix, so that the
principal component transform method can be applied. Tgerdhm is summa-
rized in Figs. 1 and 2.

The stochastic cloud generation algorithm was tested Wwittet months of bound-
ary layer cloud data (mainly trade cumulus) from the ARM ramfaNauru. A sim-
ple lookup table is made of LWC and from radar re ectivity using the Bayesian
retrievals in McFarlane et al. (2002). Three-hour averagiedls from the NOAA
915 MHz wind pro ler on Nauru are used to convert the radad®lfrom time
to horizontal distance. Tests are performed comparingtétesscs of 744 radar-
derived input elds to the statistics of 100 2D and 3D stoditasutput elds. The
single-point statistics (e.g. cloud fraction and mean @lbwC) as a function of
height agree nearly perfectly. The average differenced&ethe input and stochas-
tic binary cloud mask cross-correlation matrices, weightg the product of cloud
fractions, is about 0.02. The cloud fractions agree to wi€hD05 (total cloud frac-
tion is 18%). The cumulative distribution of optical deptjrees fairly well, while
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the distribution of cloud thickness agrees very well. Troekastic algorithm pro-
duces single-pixel wide clouds even though they do not octtine input elds,
but otherwise the distribution of cloud width and interalaygap length agree fairly
well.

The assumptions behind the stochastic eld generatiornrédlgo could be relaxed.
For overcast clouds, it is probably not appropriate to métehcloud mask corre-
lation function. Instead, the algorithm could be modi edrt@atch the correlation
of the log of nonzero LWC. This can be accomplished using &Updable made
by Monte Carlo sampling of bivariate Gaussian distribugitmrelate the Gaussian
and log(LWC) correlations. If one were very ambitious, tleagral two-point pdf
might be approximated more closely by generating a sequainGaussian elds
with different correlation matrices. The sequence of Gansslds, ,
would then be combined nonlinearly, e.g. . The
dif cult part, of course, is to gure out what cross-corréilan matrices to use to
generate the Gaussian elds.

Even though vertically pointing radar data are the inputhetlgorithm, the isotropy
assumption could be relaxed. First, the anisotropic inédgrom the radar does pro-
vide, that of upwind versus downwind, could be accommodaltbts would make
the correlation function no longer symmetric in the horizdhag. For making 3D
stochastic elds, the correlation function could be diddato symmetric and an-
tisymmetric parts, and the antisymmetric part of the stettbaeld could be ap-
plied with the cosine of the azimuth angle. Second, it is jds$o introduce arti -
cial (and adjustable) anisotropy (Hinkelman, 2003). ladtef an isotropic Fourier
space amplitude function, , the function can be “stretched” in one direction

(and narrowed in the other) with parametdry substituting in

( and are the two horizontal Fourier space wavenumbers). Thisdoces
an anisotropy that stretches the cloud elements in onetairecrhe clouds can
be tilted in the X-Z plane by multiplying the Fourier compaoite by :
where is the height and controls the slope of the tilt.

There are a number of applications of the stochastic cloldlagyorithm described
here. Our immediate application is to study domain averatg sadiative transfer
in trade cumulus elds above Nauru. The objective is to coraghe horizontal
transport effect in 2D and 3D cloud elds and assess the nadeiof the 3D
radiative transfer effects. (This work will be describedairseparate paper.) The
stochastic algorithm, perhaps with minor modi cationsultbbe used to simulate
other types of clouds observed with radar, such as stratolcisnand cirrus. The
stochastic cloud elds could be used for 3D radiative transimulations or sim-
ulating the response of future cloud remote sensing ingnisn The advantage of
a stochastic cloud eld algorithm, besides having the aptth generalize the third
dimension from 2D radar data, is that many realizations @aprbduced having
the same underlying statistics. This could be importamtef@ample, for assessing
whether the disagreement between modeled and measurativadixes is due to
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cloud sampling errors or incorrect cloud statistics. Hinahis rather complex data
generalization model could be the starting point for depielg simple stochastic
cloud algorithms that include realistically varying vedi structure.
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A Stochastic Generation Algorithm Details

A.1 Obtaining statistics from input X-Z elds

The time-height cross sections of LWC andare input as X-Z images along with
pixel aspect ratios, which are derived from the advectiondnspeed associated
with each image. The images are input as two byte integersrausdthe LWC and

values have already been discretized. The rst step in getp¢he information
needed to generate stochastic elds is to accumulate tlgespoint statistics. A
histogram, , Where is the LWC, is generated from the LWC images for
each of the levels ( ) and used to construct a discrete cumulative
distribution (CDF) according to

(A.1)

The eld is conditioned on the LWC eld so that the two are propedoordi-
nated. This is achieved by having theCDF depend on the LWC CDF:

(A.2)
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where is the histogram of discrete values and is the LWC
CDF bin number. (These bins are equally spaced in probahbitier the probability
lump at zero LWC and there are 100 bins.) Lookup tables frandsrd Gaussian
distribution values to LWC and values are created. For example, the LWC table
is represented by

(A.3)

where is a Gaussian random deviate, is the output LWC value, is the
inverse of the LWC CDF, and is the CDF of a Gaussian distribution. (These
tables have 20000 entries and input Gaussian deviate remmge to 5.)

The nal single-point statistic needed is the correlatiggiviieen the LWC and
Gaussian elds, which is denoted by . This is obtained by inversion from
the correlation between the logs of the nonzero pixels of W€ and the elds

( ). A function translates the Gaussian space correlation, , to the

log real space correlation, , by Monte Carlo sampling of a bivariate Gaus-
sian distribution and conversion to LWC andwith the lookup tables described
in the last paragraph. This function is inverted to obtasdlsired using
the bisection root nding method.

As described in the main text, the spatial information alibatcloud eld is ob-

tained from the correlation function of the binary cloud knasd. First, each in-

put X-Z image is linearly interpolated horizontally to make image with a 1-to-1

pixel aspect ratio. Usually this makes a longer, smoothedjanThe LWC images

are then compared with a user de ned threshold to make therypmask images,
. The lag-symmetric cross-covariance matrix for a binargkrienage is

(A.4)

where is the horizontal lag, is the number of pixels in the horizontal, and
is the mean of the mask eld at height level. Note that the the posi-
tive and negative lags of the covariance matrix are averagemoduce a sym-
metric function. This cross-covariance calculation isualty carried out by fast
Fourier transforming in the horizontal for each level, multi-
plying the Fourier coef cients for each pair of levels to calate the (real, sym-
metric) cross-spectral density matrix, and Fourier tramsfng back to obtain the
cross-covariance matrix. The cross-covariance matrigeslf the input images
are combined in a weighted average. The weighting is by inpage length (i.e.
time) rather than interpolated image length (i.e. distanee weighting also gives
less weight to the short lags not actually represented irdéte due to the wind
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stretching. The binary cross-correlation matrix is calculated from the
accumulated cross-covariance matrix in the usual way bynabizing by the lag
zero variances on the diagonal.

The binary mask cross-correlation matrix, , Is converted to the ini-
tial Gaussian eld cross-correlation matrix, , element-by-element. Itis
easiest to calculate the binary mask correlations from ariaite Gaussian distribu-
tion with correlation and then invert the relationship. The binary mask corretati
is related to the probability of points 1 and 2 being both cloudy by

(A.5)

where and are the probabilities of point 1 and point 2 being cloudy,atiare
simply the cloud fractions at the levels containing poinendl 2. The probability
of both points being cloudy is

S (A.6)

where is the Gaussian correlation andand are thresholds that give the correct
cloud fractions for each level. The Gaussian distributimeshold is found by
inverting

S (A7)

where is the cloud fractions for théth level. The rst integral in (A.6) is the
cumulative distribution function for a normal distributi@nd is obtained from a
computer implementation of the complementary error fumctiThe second inte-
gral is performed numerically with Romberg integrationr Each pair of height
levels a table is made of Gaussian correlatiorisetween -0.2 and 1.0 and the cor-
responding binary correlation . This table is t with a cubic spline, which is then
used to translate each element of the binary correlatiomixnat to the
Gaussian correlation matrix

As described in the main text, the Gaussian correlationixatttained from element-
by-element conversion of the binary mask correlation madrnot positive de nite
as required. Therefore an optimization procedure is useatjost the Cholesky
decomposition of the cross-spectral density matrix to miné the weighted dif-
ference from the desired Gaussian correlation matrix. Th@&sky decomposition
is a lower triangular matrix , such that , Where is the cross-spectral
density matrix for each Fourier wavenumber (is the transpose of ). Thus the
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Cholesky decomposition is the “square root” ofand the cross-spectral density
matrix is guaranteed to be positive de nite. The cross-gpédensity matrix is
calculated from the Cholesky matrix for each Fourier congman by

(A.8)

There are Fourier components (i.e. ) and also
lags in the correlation function, where is the number of pixels horizontally in
the output elds. The cross-correlation matrix is obtairfiemm a cosine transform
of the cross-spectral density matrix:

(A.9)

(A.10)

The cost function for the minimization is the weighted sunsgfiares difference
between the trial Gaussian correlation matrixand the desired Gaussian correla-
tion matrix , namely

S— (A.11)

. The uncertainties for the cost function are chosen fantytiarily to be

(A.12)

so that high weight is given to correlations near unity. Thstdunction is mini-
mized with a standard conjugate gradient routine. Thisireguihe gradient of cost
function with respect to the Cholesky matrix elements

(A.13)

where is the transpose cosine transform of the correlation meggiduals:

- (A.14)
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The are initialized by 1) performing cosine transforms on thedo
triangular part of the cross-correlation matrix, , to get the cross-spectral
density matrix, , 2) for each performing an eigenvector/eigenvalue
decomposition of the cross-spectral density matrix, 3efeh thresholding the
eigenvalues to positive values and combining with the eigetor matrix to gen-
erate a positive de nite version of the cross-spectral dgmaatrix, 4) doing a
Cholesky decomposition to obtain . After the conjugate gradient rou-
tine nishes (fractional gradient less than a speci ed \glu is trans-
formed to the cross-correlation matrix

The stochastic noise Itering amplitudes in Fourier space @mputed from the
positive de nite Gaussian cross-correlation matrix. Eihe the cross-spectral den-
sity matrix is obtained from the cross-correlation matrithwa cosine transform

(A.15)

For each Fourier componentthe eigenvectors and eigenvalues of the (real, sym-
metric) cross-spectral density matrix are computed. Therenatrix equation is

(A.16)

The stochastic Itering amplitudes are the square root efelgenvalues, and the
lower value amplitudes may be decreased for noise reductiom

(A.17)

where is a user speci ed parameter. This effectively smooths da space
eld and is analogous to Weiner ltering.

For generating 2D (X-Z) stochastic elds, the ltering antpldes are used essen-
tially as is. For generating 3D (X-Y-Z) stochastic eldsgethtering amplitudes
have to be modi ed, as seen in the following derivation. Gdas the discrete
Fourier transform of a single level, 2D (X-Y) stochasticdel

— (A.18)
where is the Fourier space eld, is the real space eld, and the
elds are complex numbers. The Fourier transform of a line in the X di-
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rection, (at for convenience), is related to the Fourier space eld
by

_ _ (A.19)
The power spectrum for an ensemble of stochastic lines & thu

(A.20)
For isotropic stochastic elds the Fourier eld is

(A.21)
, Where is the amplitude function, ,and isa eld of indepen-

dent standard Gaussian random variables. Substitutingeinsbtropic stochastic
elds gives

(A.22)
and, since the random variables are independent with uménee, the power spec-
trum is

(A.23)

In this case, the power spectrum  is known from the input image statistics,
but the amplitude function is needed for the 3D stochastic eld generation,
and thus this equation must be inverted. The inversion probs turned into an

optimization problem by minimizing a cost function using @npigate gradient
routine. The cost function is

(A.24)

where is the desired power spectrum,

(A.25)
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, and . The amplitudes for the
3D stochastic elds, , are then found by minimizing the cost function.

A.2 Generating stochastic elds from 2D statistics

The procedure for generating the 2D or 3D stochastic eldsnfithe statistics is
much simpler than the one for deriving the statistics. Ths part is to generate an
ensemble of Gaussian stochastic elds. The rst step in mgki single Gaussian
stochastic eld is to generate complex Gaussian randomatievifor the vertical
principal components in the Fourier domain. Two Gaussiaitentoise elds are
made, for the LWC eld, and forthe eld:

(A.26)

(A.27)

where are standard Gaussian deviates (independent for each ) and
is the Gaussian space correlation between the two eldsdsed above). The
second step is to multiply the Gaussian random componerttsebitering ampli-

tudes, , and perform a vertical principal component transform bytiply-
ing by the eigenvector matrix, , for each Fourier component:
(A.28)
where : for : :
, and . Note that only nonnegative need to be

generated because the Fourier space eld is complex cotglgyanmetric (since

the real space elds are real). The stochastic Fourier eds divided by a con-

stant normalization factor calculated using Parseval®fiéra so that the Gaussian
elds in real space have approximately unit variance. Tret &ep in generating

the Gaussian stochastic elds is to perform a Fourier tramsffor each level ():

— (A.29)

Actually, a complex conjugate to real FFT is used to save ahdactor of two in
computation time, so the negative are not used.

The second part of the stochastic eld generation procetgsdsnvert the Gaussian
elds to an ensemble of non-Gaussian LWC anautput elds. Cumulative distri-
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bution functions of the Gaussian elds are accumulateddocihg the ensemble of
output elds to have virtually the same single-point sttiis as the input images.
The CDF of the Gaussian elds for LWC ( ) and the CDF of the Gaussian
eld for  conditioned on the LWC CDF ( ) are computed. The
Gaussian elds are then converted using lookup tables tlagtime represented by

(A.30)
and

(A.31)
where is one LWC eld and isone eld.
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