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Abstract

An algorithm is described for generating stochastic three-dimensional (3D) cloud �elds
from time-height �elds derived from vertically pointing radar. This model is designed to
generate cloud �elds that match the statistics of the input �elds as closely as possible. The
major assumptions of the algorithm are that the statistics of the �elds are translationally
invariant in the horizontal and independent of horizontal direction, however, the statistics do
depend on height. The algorithm outputs 2D or 3D stochastic �elds of liquid water content
(LWC) and (optionally) effective radius. The algorithm is ageneralization of the Fourier
�ltering methods often used for stochastic cloud models. The Fourier �ltering procedure
generates Gaussian stochastic �elds from a ”Gaussian” cross-correlation matrix, which is a
function of a pair of heights and the horizontal distance (or”lag”). The Gaussian �elds are
nonlinearly transformed to give the correct LWC histogram for each height. The ”Gaussian”
cross-correlation matrix is specially chosen so that, after the nonlinear transformation, the
cross-correlation matrix of the cloud mask �elds approximately matches that derived from
the input LWC �elds. The cloud mask correlation function is chosen because the clear/cloud
boundaries are thought to be important for 3D radiative transfer effects in cumulus.

The stochastic cloud generation algorithm is tested with three months of boundary layer
cumulus cloud data from an 8.6 mm wavelength radar on the island of Nauru. Winds from
a 915 MHz wind pro�ler are used to convert the radar �elds fromtime to horizontal dis-
tance. Tests are performed comparing the statistics of 744 radar-derived input �elds to the
statistics of 100 2D and 3D stochastic output �elds. The single-point statistics as a func-
tion of height agree nearly perfectly. The input and stochastic cloud mask cross-correlation
matrices agree fairly well. The cloud fractions agree to within 0.005 (the total cloud frac-
tion is 18%). The cumulative distributions of optical depth, cloud thickness, cloud width,
and intercloud gap length agree reasonably well. In the future, this stochastic cloud �eld
generation algorithm will be used to study domain averaged 3D radiative transfer effects in
cumulus clouds.
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1 Introduction

The radiative effects of cloud horizontal inhomogeneity may be divided into two
parts (e.g. Cahalan et al. , 1994; Varnai and Davies , 1999): 1) the one-dimensional
heterogeneity effect due to optical depth variability, and2) the horizontal trans-
port effect of light moving between columns (Cahalan et al. ,1994). For climate
applications in which domain averaged �uxes are important,the �rst effect can
be addressed adequately by the independent column approximation, in which one-
dimensional radiative transfer results are integrated over the distribution of optical
depths. There appears to be a consensus that for overcast clouds (e.g. stratocumulus
with 100% cloud fraction) the horizontal transport effect is insigni�cant for domain
average solar �uxes (Cahalan et al. , 1994; Chambers et al. , 1997; Zuidema and
Evans , 1998; Di Giuseppe and Tompkins , 2003). For broken cloud scenes, the ef-
fect of horizontal transport on domain average solar �uxes is much more uncertain.
Studies with arrays of idealized cloud shapes (e.g. Aida, M.A., , 1977; Welch and
Wielicki , 1984) indicate that there is a potential for large(more than 20%) biases
from neglecting horizontal transport. Signi�cant horizontal transport effects have
been noted in more realistic but still idealized �elds of broken clouds (Barker and
Davies , 1992; Di Giuseppe and Tompkins , 2003). Some studiesof broken clouds
reconstructed from remote sensing re�ectances have shown moderate but signif-
icant horizontal transport effects (Chambers et al. , 1997;O'Hirok and Gautier ,
1998) while others have not, in absolute terms (Benner and Evans , 2001). Studies
with �elds simulated by dynamical cloud models have shown the horizontal trans-
port effect to be small in the domain average even for convective clouds (Barker et
al. , 1998; Barker et al., 1999; Fu et al., 2000; Scheirer and Macke , 2001).

Determining the signi�cance of horizontal radiative transport in broken clouds for
climate applications requires the ability to measureandsimulate the full range of
actual cloud structure. The three-dimensional (3D) cloudyradiative transfer prob-
lem is not a radiative transfer issue, per se. Monte Carlo radiative transfer models
can accurately and ef�ciently model the domain average solar �uxes for arbitrary
cloud �elds. The dif�cult issue is generating cloud property �elds that are statis-
tically representative of the cloud �elds in nature. Fieldsproduced by dynamical
cloud models are attractive because they contain everything that is needed for ra-
diative transfer models. However, dynamical cloud models have not been able to
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simulate the realistic cloud structure needed because 1) they are models with an
unknown correspondence to reality, 2) too few cloud simulations are used in radia-
tive transfer studies to provide statistically meaningfulresults for quantifying the
signi�cance of 3D effects in natural clouds, and 3) they havean inadequate range of
spatial scales (a 3D cloud model simulation over a GCM grid box domain typically
has 2 km grid cells, which does not resolve the radiatively relevant cloud structure
down to about 10 m).

Currently there are no techniques to measure 3D �elds of cloud properties. Pas-
sive solar and infrared remote sensing can measure the cloudtop temperature and
estimate the optical depth (though with large uncertainties from 3D radiative trans-
fer effects), but cannot provide the complete cloud structure needed. Perhaps the
most promising method for measuring cloud structure in optically thicker clouds
is millimeter-wavelength radar. One major dif�culty in using radars for retrieving
cloud properties is that they measure the sixth moment of thedroplet distribution
and hence are very sensitive to contamination by precipitation. While this a seri-
ous problem, we believe that radars can provide useful cloudstructure even though
microphysical retrievals are uncertain. However, cloud radars lack the sensitivity to
measure very weak cloud echos (down to -50 dBZ or less) while scanning rapidly
enough to build up 3D structure before the cloud �eld changes. Two-dimensional
scanning may be feasible, but with lower sensitivity. Most cloud radars are operated
in a vertically pointing mode which allows longer time integrations for improved
sensitivity. There are several long term monitoring projects with vertically point-
ing radars including 1) the Atmospheric Radiation Measurement (ARM) program
with radars in Oklahoma, on Nauru and Manus islands in the tropical west Paci�c,
at Darwin in Australia, and at Barrow in Alaska (Clothiaux etal., 1999), 2) the
Chilbolton site in England (Kilburn et al., 2000), and 3) theCabauw Experimental
Site for Atmospheric Research (CESAR). Cloud radars have also been deployed in
numerous �eld campaigns ([e.g. Frisch et al., 1995; Miller and Albrecht , 1995).
These radars have adequate sensitivity, vertical resolution, and time sampling to
measure cloud structure. The horizontal cloud structure information from a ver-
tically pointing radar is somewhat indirect, of course, since it relies on the wind
advecting the clouds by the radar. It is straightforward to convert the time dimen-
sion to distance with an advection speed to obtain 2D (X-Z) cloud structure for
radiative transfer experiments (Zuidema and Evans , 1998).However, it is likely
that the horizontal transport effects of broken clouds are not well approximated by
2D cloud structure, since 2D clouds have less side area for photon leakage than 3D
clouds. Therefore, there is a need for a numerical techniqueto derive realistic 3D
cloud structure from vertically pointing radar data.

The horizontal structural information from a vertically pointing radar is only sta-
tistically related to 3D cloud structure. Therefore, a method is needed to generate
stochastic cloud �elds with statistics derived from radar.Since the horizontal ra-
diative transport effect depends on the cloud aspect ratio (e.g. Welch and Wielicki
, 1984), it is important to include vertical and horizontal structure, and their rela-
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tionship, in the statistics. All previous stochastic cloudmodels have attempted to
generate the key aspects of realistic cloud �elds with just afew parameters. This
approach is appropriate for learning how the cloud parameters affect 3D radia-
tive transfer, but cannot closely �t detailed measurementsof cloud structure. These
simple stochastic cloud models include bounded cascade models with internal vari-
ability (Cahalan et al. , 1994; Marshak et al., 1998) and Poisson distributions of ho-
mogeneous cloud elements (Zuev and Titov , 1995). The algorithm developed here
comes from the Fourier �ltering family of stochastic cloud models Voss (1985);
Schertzer and Lovejoy (1988); Barker and Davies (1992); Evans (1993); Varnai
(2000); Di Giuseppe and Tompkins (2003). Usually these models �lter noise in
the Fourier domain with a power law (	 
 � � ) to make scaling or “fractal” �elds.
The �ltered stochastic Fourier �eld is transformed to “realspace”, and a nonlinear
function is applied to each pixel to produce the cloud �eld (often optical depth or
extinction). The attenuation of higher Fourier frequencies by the power law intro-
duces spatial correlations to produce realistic looking cloud �elds.

Most of the previous stochastic cloud models had no verticalvariability and �xed
cloud thickness. Those with cloud top height variability tended to have uniform
extinction (e.g. Marshak et al., 1998; Varnai , 2000). Thosewith true 3D vari-
ability tended to have the same statistics vertically and horizontally (e.g. Evans ,
1993), though this shortcoming is theoretically overcome in Schertzer and Lovejoy
(1988). The model of Di Giuseppe and Tompkins (2003) is different from other
stochastic models in that it is based on thermodynamical principles, but while it
has a realistic vertical pro�le for stratocumulus, that pro�le is �xed.

In contrast to previous stochastic cloud models, the approach taken here is to match
the statistics of detailed cloud structure measurements asclosely as possible. This
type of a stochastic cloud algorithm could be called a data generalization model
because it allows the radar data to be generalized to three dimensions and to many
realizations. The stochastic �eld generation algorithm assumes that the cloud �eld
is statistically homogeneous and isotropic in the horizontal (i.e. the statistics are
independent of horizontal position and the two horizontal directions are equivalent).
The algorithm generates an ensemble of liquid water content(LWC) and effective
radius (
 � ) �elds (either 2D or 3D) from input time-height images of LWCand 
 � .
The single-point probability distribution (e.g. histogram of LWC) for each height
in the output �elds matches that of the radar-derived input �elds. The output �elds
approximately match the binary cloud mask correlation function, � � � � � � � � � � � � � � ,
which depends on the levels� � and � � and horizontal separation� � � � � . We choose
to match the two-point probability density function of the cloud mask �eld because
we believe that cloud boundaries are the most relevant aspect of the �eld for 3D
radiative transfer in broken clouds.

The next section provides an overview of the stochastic cloud �eld algorithm,
while the details are described in the appendix. The third section gives examples of
stochastic cloud �elds generated from the ARM radar on Nauruand shows the re-
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sults of tests of the faithfulness of the stochastic cloud algorithm. The �nal section
summarizes the paper, discusses possible extensions to thestochastic algorithm,
and its future application.

2 Stochastic cloud �eld generation algorithm

This section gives an overview of the stochastic �eld generation method and de-
scribes the reasoning behind the choices made in developingthe algorithm. The
appendix gives the full details of the algorithm. There are two fundamental assump-
tions that underlie the technique: 1) the two horizontal directions are equivalent
(horizontal isotropy), so that 3D �elds may be generated from statistics obtained
from 2D radar-derived �elds, and 2) the statistics do not depend on horizontal lo-
cation (translational invariance), but do depend on height. It is straightforward to
produce �elds having the correct single-point statistics (probability density func-
tion or pdf) for each vertical level. It is much more dif�cultto generate �elds hav-
ing the desired two-point and higher order statistics, which determine the spatial
structure. The general two-point probability density function assuming horizontal
homogeneity and isotropy is� �� � � � � � � � � � � �  � !  � " , where� � and � � are the values
at the points�  � � � � " and �  � � � � " . Not only does this �ve dimensional two-point pdf
require a huge amount of data to de�ne it, but there do not appear to be any existing
algorithms for producing stochastic �elds with that degreeof generality. There are
methods, however, for generating �elds with Gaussian statistics having a speci�ed
correlation function,# �� � � � � �  � !  � " . For Gaussian �elds the two-point pdf is
completely speci�ed by the correlation function. Another reason for focussing on
Gaussian �elds is that linear combinations (e.g. via Fourier transforms) of �nite
variance random deviates will tend to produce Gaussian �elds due to the central
limit theorem.

One ef�cient method for generating Gaussian �elds with a speci�ed correlation
function is described here. This is a generalization of the Fourier �ltering method
used in previous stochastic cloud studies. Let the cross-correlation matrix# �$ % � � $ % � � & "

be the discrete version of the correlation function with vertical level indices$ % � and
$ % � ( ' ( $ % � � $ % � ( ) % ) and & * $ + � ! $ + � the difference between horizontal indices.
The �rst step is to Fourier transform each$ % � � $ % � element of the cross-correlation
matrix from lag& to Fourier wavenumber, to obtain the cross-spectral density ma-
trix, - � $ % � � $ % � � , " . The cross-correlation matrix must be symmetric in& because of
the horizontal isotropy assumption, so- �$ % � � $ % � � , " is real and symmetric in, , and
is obtained from# using a fast cosine transform. Both# and - are symmetric in

$ % � � $ % � . For each Fourier component, , the ) % eigenvalues,. / 0 , and eigenvectors,
1

� $ % � 2 � , " , of the cross-spectral density matrix are computed. It is inthis eigen-
vector/Fourier space that independent Gaussian noise is “�ltered”. In the �ltering
process, zero mean, unit variance, complex Gaussian randomdeviates3 � 2 � , " are
multiplied by “�ltering amplitudes”, 4 �2 � , " . These amplitudes are the square root
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of the eigenvalues,5 6

7 8 9 : ; < = > ?@ . The independent random components are
then transformed back to “real space”, which produces the desired spatial correla-
tions. The vertical transform is performed for each9 by multiplying the stochastic
component vector by the eigenvector matrix,

A

6

9 8 B C : ; D E

F

> G H I

6

B C 8 7 8 9 :

5 6

7 8 9 : J

6

7 8 9 : K (1)

Then
A

6

9 8 B C : is fast Fourier transformed in9 to obtain the real space 2D Gaus-
sian �eld, L 6

B M 8 B C : . A large ensemble of Gaussian �elds generated in this manner
will have the desired cross-correlation matrix,N 6

B C H 8 B C O 8 P : . Figure 1 illustrates the
procedure for generating a stochastic 2D Gaussian �eld (andthe �nal nonlinear
transformation to a LWC �eld). The appendix describes how toobtain the �ltering
amplitudes5 6

7 8 9 : for generating horizontally isotropic 3D Gaussian �elds from
the cross-correlation matrix for 2D (X-Z) �elds. This is nottrivial because the az-
imuthally symmetric power spectrum of planar �elds (Q 6

R 8 S : ) is not the same as
the power spectra of lines sampled from the planes (e.g.Q 6

R 8 T : ).

The procedure described above for generating correlated stochastic Gaussian �elds
is mathematically equivalent to using principal componentanalysis or empirical
orthogonal functions (EOFs) with random Gaussian amplitudes. Principal com-
ponents are the eigenvectors of the correlation matrix, while the eigenvalues of
the correlation matrix are the variances of each component.By construction, the
principal components are uncorrelated or orthogonal to each other. Thus stochas-
tic principal component amplitudes may be generated by multiplying independent
Gaussian random deviates (with unit variance) by the squareroot of the eigenval-
ues. The transformation from principal component space back to the original space
introduces the desired correlations. For translational invariant �elds the correlation
matrix is Toeplitz, meaning it is a function of the difference between the two in-
dices, N 6

B M H 8 B M O : ;

N 6

B M H U B M O : . It can be shown that the eigenvectors of such
a correlation matrix are sines and cosines, and thus the principle component trans-
form is a Fourier transform. Therefore, the eigenvector/Fourier transform procedure
described above is simply a fast way to perform a principle component transform
when the statistics are translationally invariant in the horizontal.

The method described so far can generate Gaussian �elds witha chosen correla-
tion function, but the liquid water content �eld of clouds ishighly non-Gaussian.
Not only is the LWC distribution often similiar to log-normal, but over 90% of a
cumulus �eld has a LWC of zero (clear sky). It is not dif�cult,however, to trans-
form a Gaussian �eld to one having the observed LWC pdf using alookup table.
The problem is that doing this nonlinear transformation changes the correlation
function so it no longer matches the observed one. Therefore, we need to �nd the
cross-correlation matrix of the Gaussian �eld (“Gaussian correlations”) such that
when the Gaussian �eld is nonlinearly transformed, the resulting cross-correlation
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Fig. 1. An illustration of the four major steps in generatinga stochastic liquid water content
(LWC) �eld from the previously derived statistics.

matrix matches the observed correlations. The simplest method to do this would be
to transform the input �elds to have a Gaussian distributionand then compute the
correlation matrix. This is impossible, however, because the huge lump of proba-
bility at zero prevents the LWC distribution from being transformed to a smooth
Gaussian distribution. Using the total water (vapor plus cloud) content instead of
LWC is a conceptually appealing way to avoid the zero LWC problem (Di Giuseppe
and Tompkins , 2003), but is not practical when deriving the cloud statistics from
measurements because the total water �eld is not currently observable.
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There are iterative methods that adjust the Gaussian cross-correlation matrix so
that the correct correlation function is obtained after thenonlinear transformation
(e.g. Popescu et al. , 1997), but convergence is not guaranteed. Another approach
is to transform the cross-correlation matrix in LWC space tothe equivalent Gaus-
sian cross-correlation matrix. For a given pair of levels (V W X , V W Y ) and horizontal
distance (Z ), the cross-correlation matrix has only one number to describe the two-
point statistics. Thus, we have to decide what single aspectof the full two-point
pdf, [ \

]

X ^

]

Y _ , is most relevant to capture. One could match the LWC correlation,
though that might be dominated by the highest LWC values. Another choice is to
match the correlation of the log of non zero LWC values. Our interest here is in
the 3D radiative effects of cumulus �elds, so we choose instead to match the cross-
correlation matrix of the binary cloud mask �eld, since the location of the cloud
boundaries appears to be important for �nite cloud 3D radiative transfer effects.
We also note that the two-point statistics of a binary �eld are completely described
by its correlation function. This can be shown by considering that the two-point
pdf for a binary �eld reduces to four probabilities:[ \

]

X ` a ^

]

Y ` a _ ` [ X Y is
the probability that both points are cloudy,[ \

]

X ` b ^

]

Y ` b _ is the probability
that both points are clear, and[ \

]

X ` a ^

]

Y ` b _ and [ \

]

X ` b ^

]

Y ` a _ are the
probabilities one point is clear and the other is cloudy. Thefour probabilities must
sum to unity, and the single-point statistics provide two more equations (related to
the cloud fractions,[ X and [ Y , at the two points), thus there is only one available
degree of freedom in the two-point pdf. The relationship between the correlation of
the binary �eld (the “binary correlation”) and the two-point probabilities ([ X Y , [ X ,

[ Y ) is given in the appendix.

The binary cross-correlation matrix is computed from the many input images. Each
input time-height LWC �eld is �rst linearly interpolated toa horizontal grid with
the same spacing as the vertical grid using an input aspect ratio derived from the
advection speed for that image. A user de�ned threshold is then used to make the
cloud mask from the X-Z LWC �eld, and the cross-covariance matrix is calculated
using fast Fourier transforms. The cross-covariance matrices are accumulated and
then normalized to produce the binary �eld cross-correlation matrix, c \V W X ^ V W Y ^ Z _ .

The binary cross-correlation matrix is converted to the Gaussian cross-correlation
matrix element-by-element using a lookup table. The lookuptable is made by nu-
merically integrating bivariate Gaussian distributions to relate the Gaussian space
correlation to the binary mask correlation, which also depends on the cloud frac-
tions and hence pair of levels,V W X ^ V W Y . Unfortunately, the Gaussian correlation ma-
trix produced by element-by-element transformation is usually not positive de�nite,
and hence some eigenvalues are negative (i.e. negative variance). Fundamentally,
this is because the elements of a correlation matrix are not independent: if A is
highly correlated with B, and B with C, then A and C must be correlated. An opti-
mization procedure is used to �nd a positive de�nite correlation matrix that is close
to the desired Gaussian correlation matrix. The elements ofthe Cholesky decom-
position of the cross-spectral density matrixd \ V W X ^ V W Y ^ e _ are adjusted to minimize
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the weighted squared error in the Gaussian correlations (with correlations near 1
having more weight). The Cholesky decompositionf is the “square root” ofg

( g h f i f j ), thus the cross-spectral density matrix is guaranteed to be positive
de�nite and so is the Gaussian cross-correlation matrixk lm n o p m n q p r s .

The single-point statistics and the Gaussian cross-correlation matrix may be stored
for later use in generating any number of stochastic �elds. The stochastic Gaussian
�elds are computed as described above and then transformed to have the correct
LWC distribution with a lookup table for each vertical level. The �elds in a whole
ensemble, not each output �eld, are forced to have the observed single point statis-
tics. Since the correlation statistics used in the cloud generation algorithm are based
on the cloud boundaries, the same Gaussian correlation matrix is used to generate
the effective radius (t u ) �elds. The Gaussian noise used to generate thet u �elds is
correlated with the LWC Gaussian noise so that the resultingLWC and t u �elds
have the observed correlation. The lookup table that converts the second set of
Gaussian �elds to thet u �elds is derived from the input �elds and depends on the
LWC value. This assures that appropriate values oft u are produced for each LWC
value, so that, for example,t u h v does not occur inside of clouds. The resulting
stochastic �elds should have the correct pdf of LWC andt u for each vertical level
and have the observed cross-correlation function for the binary cloud mask �eld.
The major elements of the algorithm are summarized in a �owchart (Fig. 2).

3 Examples and tests for cumulus �elds from Nauru

The stochastic cloud �eld generation algorithm is tested with three months of bound-
ary layer cumulus cloud radar data from the ARM Millimeter-wavelength Cloud
Radar (MMCR) on the island of Nauru (latitude 0.521w S, longitude 166.916w E).
The MMCR is a vertically pointing Doppler radar that operates at 34.86 GHz
(8.6mm) (Moran et al., 1998). About every 40 seconds the MMCRcycles through
four different operational modes, each with different sensitivity, spatial resolution,
and height range (details of the operational modes are in Clothiaux et al. (1999).
Mode 1 is speci�cally designed for boundary layer clouds with 45 m range reso-
lution and high sensitivity (estimated in Clothiaux et al. (1999) to be -55 dBZ at
1 km) due to 8 bit pulse coding. Mode 3 is the “general mode” with 90 m resolution
and sensitivity of -49 dBZ at 1 km. Mode 2 is for cirrus and with32 bit pulse coded
has a minimum range of about 3 km, so that it is not useful for boundary layer
clouds. Mode 4 is less sensitive than mode 3. We choose to use modes 1 and 3 to
have equal time separation of about 20 seconds between each sample. Using only
mode 1 data would double the sampling time and hence the horizontal resolution.
The mode 1 data are averaged to 90 m resolution to match the mode 3 data, and
the radar re�ectivities from modes 1 and 3 are merged in time.The radar re�ec-
tivity data are editted to remove noise pixels with the thresholds set to -44 dBZ
and -37 dBZ at 1 km (and increasing with the ranged squared) for modes 1 and 3,
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Input LWC images
W(ix,iz)

Cumulative distribution function
for each height CLWC(W,iz)

Binary cloud mask
cross-correlation matrix

B(iz1,iz2,l)

Gaussian ®eld
cross-correlation matrix

R(iz1,iz2,l)

Fast Fourier Transform R(l):
cross-spectral density matrix

S(iz1,iz2,k)

Eigenvectors of S: E(iz,n,k)
Eigenvalues of S: nk

2D amplitudes: A(2)
nk = [ nk]

1/2

3D amplitudes: A(3)
nk from A(2)

nk

single point
statistics

two point
statistics

Complex gaussian random
noise ®eld Z(n,kx,ky)

Principle component transform:
Y(kx,ky,iz) =

n E(iz,n,k) A(3)
nk Z(n,kx,ky)

FFT Y(kx,ky,iz) to get
gaussian ®eld G(ix,iy,iz)

Nonlinear conversion:
W(ix,iy,iz) =

CLWC
-1[CG[G(ix,iy,iz)]]

Computing statistics from input images

Generating stochastic ®elds

Fig. 2. The main conceptual elements of the stochastic generation algorithm for cloud liquid
water content (LWC). To simplify the �owchart the procedurefor generating the effective
radius �eld has been omitted. The top part illustrates the procedure for computing the sin-
gle-point and two-point statistics from the input 2D images. The bottom part illustrates
using the statistics to generate stochastic 3D LWC �elds.

respectively. Since mode 3 is less sensitive, times for which the mode 3 re�ectivi-
ties are below the threshold are �lled in by interpolation ifthe surrounding mode 1
data (at the same range) are valid. Single pixel clouds (one range gate and one time
sample) are assumed to be remnant noise pixels and are removed.

The cloud liquid water content (LWC) and effective radius (x y ) are retrieved from
radar re�ectivity (z y ) with a lookup table made from the Bayesian retrievals de-
scribed in McFarlane et al. (2002). The Bayesian algorithm combines MMCR re-
�ectivities and microwave radiometer brightness temperatures witha priori micro-
physical information from in situ cloud probes operated during shallow cumulus
experiments in Hawaii and Florida. The prior pdf of the second, third, and sixth
moments of the droplet size distribution is �tted to data from two cloud probes that
measured size distributions of cloud droplets and drizzle drops. The Bayesian re-
trievals from July 1999 are shown in Fig. 3. There is little scatter in the Bayesian
retrieval LWC-z y relationship below about -30 dBZ because there the retrieval is
based almost entirely on the radar data due to the lack of sensitivity of the mi-
crowave radiometer. Above about -25 dBZ, the mean LWC-z y relation increases
more slowly due to the increasing prevalence of large cloud droplets that give high

z y but little LWC. Thex y { z y relation has little scatter and increases more steadily.
The lookup table (also shown in Fig. 3) is made by averaging the Bayesian retrieval
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values for LWC and| } in each 1 dBZ wide re�ectivity range. The lookup table thus
represents the mean results of the Bayesian retrieval, but using it avoids the Monte
Carlo noise present in the Bayesian retrievals. The lookup table is used to retrieve
LWC and | } from the Nauru radar images for June through August 1999 (92 days)
over the range from -50 to -10 dBZ. Pixels with re�ectivity less than -50 dBZ are set
to clear sky, and columns having a maximum re�ectivity greater than -10 dBZ are
considered too contaminated with drizzle to use. The retrieved LWC and| } images
are for 3 hour periods (about 540 time samples). If there are retrieval gaps caused
by precipitation then the 3 hour images are sliced into continuous segments of at
least 128 time samples without slicing through any cloud. Twenty-�ve 90 m range
gates with heights from about 500 m to 2750 m are output, whichcontain nearly all
the boundary layer cloud. A total of 744 image segments are created from the three
months of MMCR data.

The time dimension is converted to horizontal distance using a cloud advection
speed in what is sometimes called the frozen turbulence assumption. Advection
speeds for the cloud �elds are obtained from the NOAA 915 MHz wind pro�ler
based at the Nauru airport about 3 km south of the ARM site. The100 m vertical
resolution wind pro�les are averaged to the 3 hour periods ofthe cloud retrievals.
Time is converted to horizontal distance with the mean LWC weighted wind speed
for each segment. The horizontal-to-vertical aspect ratioof the retrieved pixels
ranges from 0.56 to 3.3 and averages 1.9 (8.6 m/s~ 20 s/90 m). Figure 4 shows
examples of the radar-derived liquid water content X-Z �elds.

The stochastic cloud �eld algorithm is run to gather statistics from 744 input LWC
and | } X-Z �elds and generate 100 2D �elds (• € • ~ • • pixels) and 100 3D �elds
( • • ‚ ~ • • ‚ ~ • • pixels). The LWC threshold for making the binary cloud mask
�eld for the correlation matrix is 0.01 g/mƒ . The eigenvalue threshold„ … † ‡ (see
appendix) is set to€ ˆ ‰ Š so that the eigenvalues are essentially used as is. Figure 5
shows the �rst six stochastic 2D LWC �elds. The cloud fraction and peak LWC
varies markedly from �eld to �eld. The stochastic LWC �elds visually show a good
correspondence with the radar-derived �elds. One systematic difference that can be
seen is the lack of wind sheared clouds in the stochastic �elds, since shear is an
asymmetry that violates the strict isotropy assumption made (but see section 4 for
how this problem could be remedied). Figure 6 shows the optical depth derived
from the LWC and| } of one of the 3D stochastic �elds.

We now quantitatively compare the statistics of the stochastic �elds and the radar-
derived input �elds. The �rst tests of the stochastic cloud generation algorithm
checks whether the output �elds match the single-point pdf and the binary cross-
correlation matrix as claimed. Figure 7 con�rms that the ensembles of 2D and
3D output LWC �elds match the cloud fraction and mean cloud LWC of the in-
put �elds almost perfectly. The pdfs of LWC and| } for each height match very
well, as indicated by maximum cumulative distribution differences near zero (not
shown). The binary correlation matrices of the input and stochastic �elds are com-

11
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Fig. 3. The Bayesian retrieval of LWC and‹ Œ as a function of radar re�ectivity for July
1999. The lookup table values are shown as large black dots. The vertical dashed lines
show the range over which the lookup table is used (-50 to -10 dBZ).
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Radar Retrieved LWC Images
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Fig. 4. Six radar-derived LWC X-Z �elds (�elds sampled uniformly for objectivity).

Stochastic 2D LWC Images
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Fig. 5. The �rst six stochastic LWC X-Z �elds.

pared by computing the cross-correlation matrix of the binary cloud mask made
from X-Z slices of the stochastic �elds. Since the binary cross-correlation matrix,

• Ž• • ‘ ’ • • “ ’ ” •

, is a function of three dimensions and dif�cult to visualize, we instead
compute a weighted average difference over the height levels with the weights be-
ing the product of the cloud fractions for each level. Figure8 shows the weighted
average binary cross-correlation matrix differences for the 2D and 3D stochastic
�elds. The weighted average differences in correlation areabout 0.02. The agree-
ment in binary correlation is much worse for height levels with low cloud fraction
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Example Stochastic 3D Optical Depth
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Fig. 6. The optical depth image for one stochastic 3D �eld.

than for levels with higher cloud fraction. One cause of the difference in binary
correlation between the input and stochastic �elds is the adjustments necessary to
make the Gaussian cross-correlation matrix positive de�nite. Another reason for
the difference is the relatively small size of the ensembles(only 100 members),
which leads to signi�cant stochastic �uctuations. Unlike the single-point statistics
which are forced to match the input over the ensemble, the correlation matrix of the
Gaussian stochastic �elds will be exact only in the limit of alarge number of �elds.

It is also important to compare other aspects of the radar-derived input and stochas-
tic output �elds. The binary cloud mask cross-correlation matrix is only a small part
of the two-point and higher order probability distributions, so it is not obvious that
by itself the binary correlation matrix will provide enoughspatial information for
generating the stochastic �elds. Here we choose four simplecloud parameters that
are relevant for radiative transfer: cloud optical depth, cloud thickness, cloud width,
and gap length between clouds. The optical depth is made fromthe LWC and– —

�elds assuming geometric optics. The cloud width and gap length are de�ned from
a cloud mask �eld obtained by thresholding optical depth at 0.5. For 3D �elds, the
2D cloud mask is sampled in˜ to produce 1D �elds from which the cloud width
and gap length are calculated. Figure 9 compares the cumulative distribution of op-
tical depth between the input and stochastic �elds. The input and 2D stochastic cdf
agree very well, but the 3D stochastic �elds have too few clouds of moderate (5 to
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Fig. 7. Comparison of input and stochastic single point statistics as a function of height for
the liquid water content �eld.

15) optical depth. This difference could be due to stochastic �uctuations. The �g-
ure also lists the cloud fractions, which show good agreement. Figure 10 compares
the cumulative distributions of cloud thickness, and showsthe agreement to be ex-
cellent. This is not particularly surprising, since the binary cross-correlation matrix
depends on the level heights. Figure 11 compares the cumulative distribution of
cloud width and the gap length between clouds.

There is a signi�cant difference betweent the input and stochastic distributions,
which is mainly due to 15%–18% of the stochastic clouds being90 m wide com-
pared to only 1% of the radar-derived clouds. Single pixel clouds have been re-
moved in the radar processing and the input �eld aspect ratiois usually greater
than unity, which accentuates this problem, but one would still want the stochastic
algorithm to be able to capture the lack of very small clouds in the input. The pres-
ence of one pixel wide clouds in the stochastic �elds may be due to the algorithm
having no information on three-point statistics. (The two-point pdf has information
on the clear-to-cloud and cloud-to-clear transitions, butnot on clear-to-cloud-to-
clear events.) The cloud gap length distributions behave similarly, with 10% of the
stochastic �elds having 90 m gaps compared to only 0.4% of theinput �elds. The
cloud width and gap length distributions match well for larger clouds and gaps. The
comparison of cloud parameters between the stochastic and input �elds is summa-
rized in Table 1.
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Fig. 8. The difference in the binary cross-correlation matrix as a function of horizontal
lag between the input and stochastic �elds. The cross-correlation matrix differences are
averaged over the pairs of height levels with weighting by the product of the cloud fractions.
The binary correlation matrix for the input �elds, also averaged with weighting by the cloud
fractions, is shown for comparison.

Table 1
The mean and standard deviation of cloud parameters for the 744 input 2D �elds, the 100
2D stochastic �elds, and the 100 3D stochastic �elds.

Parameter Input 2D stochastic 3D stochastic

mean stddev mean stddev mean stddev

Cloud optical depth 5.74 6.41 5.90 6.79 6.29 7.00

Thickness (km) 0.29 0.22 0.29 0.22 0.29 0.23

Base height (km) 0.76 0.29 0.75 0.27 0.75 0.28

Gap length (km) 4.20 8.01 3.57 6.40 3.90 16.5

Cloud width (km) 0.93 1.15 0.79 1.01 0.82 1.10

4 Summary and Discussion

An algorithm has been developed to generate stochastic two-or three-dimensional
cloud �elds based on time-height �elds derived from vertically pointing radar. Un-
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Fig. 9. Comparison of the cumulative distribution of optical depth.
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Fig. 10. Comparison of the cumulative distribution of cloudthickness.

like previous stochastic cloud models that use only a small number of input pa-
rameters, this “data generalization model” is designed to generate cloud �elds that
match the statistics of the input �elds as closely as possible. The algorithm outputs
2D or 3D stochastic �elds of liquid water content (LWC) and (optionally) effec-
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Fig. 11. Comparison of the cumulative distributions of cloud width and cloud gap length.
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tive radius (™ š ). The major assumptions of the algorithm are that the statistics of
the �elds are translationally invariant in the horizontal and independent of horizon-
tal direction (isotropic). The statistics of the stochastic �elds do depend on each
vertical level, however. Another assumption is that the horizontal statistics are ad-
equately represented from the time series by simply converting time to distance
using an advection speed obtained from a measured wind pro�le.

The stochastic �eld generation algorithm can be thought of as �ltering noise with a
principal component (PC) transform. Independent Gaussiannoise is generated for
each PC with a variance equal to the desired PC variance (i.e.the eigenvalues of
the correlation matrix). The �eld is then transformed from PC space to real space,
producing the desired spatial correlations. The vertical transform is the usual mul-
tiplication by the eigenvector matrix. The horizontal transform, however, is a fast
Fourier transform because thatis the PC transform for a translationally invariant
correlation matrix. Three-dimensional stochastic �elds are generated assuming an
isotropic �ltering amplitude function in Fourier space, which is derived from the 2D
amplitude function. The resulting stochastic �elds in realspace have the expected
cross-correlation matrix, but they have a Gaussian distribution. Therefore, a non-
linear transformation is performed on the ensemble of Gaussian �elds so that the
LWC and ™ š single-point probability distributions match those of theinput �elds at
each height.

The dif�cult aspect of the stochastic algorithm is that the nonlinear transformation
from a Gaussian �eld to the LWC �eld changes the cross-correlation matrix. The
cross-correlation matrix is a complete description of the two-point statistics of a
Gaussian �eld, but not of a general �eld. Therefore, due to our interest in 3D radia-
tive effects of cumulus clouds, we choose to attempt to matchthe cross-correlation
matrix of the cloud mask �eld (as a function of two height levels and horizontal
distance). With much effort, the binary �eld cross-correlation matrix is translated
approximately to the equivalent Gaussian �eld cross-correlation matrix, so that the
principal component transform method can be applied. The algorithm is summa-
rized in Figs. 1 and 2.

The stochastic cloud generation algorithm was tested with three months of bound-
ary layer cloud data (mainly trade cumulus) from the ARM radar on Nauru. A sim-
ple lookup table is made of LWC and™ š from radar re�ectivity using the Bayesian
retrievals in McFarlane et al. (2002). Three-hour averagedwinds from the NOAA
915 MHz wind pro�ler on Nauru are used to convert the radar �elds from time
to horizontal distance. Tests are performed comparing the statistics of 744 radar-
derived input �elds to the statistics of 100 2D and 3D stochastic output �elds. The
single-point statistics (e.g. cloud fraction and mean cloud LWC) as a function of
height agree nearly perfectly. The average difference between the input and stochas-
tic binary cloud mask cross-correlation matrices, weighted by the product of cloud
fractions, is about 0.02. The cloud fractions agree to within 0.005 (total cloud frac-
tion is 18%). The cumulative distribution of optical depth agrees fairly well, while
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the distribution of cloud thickness agrees very well. The stochastic algorithm pro-
duces single-pixel wide clouds even though they do not occurin the input �elds,
but otherwise the distribution of cloud width and intercloud gap length agree fairly
well.

The assumptions behind the stochastic �eld generation algorithm could be relaxed.
For overcast clouds, it is probably not appropriate to matchthe cloud mask corre-
lation function. Instead, the algorithm could be modi�ed tomatch the correlation
of the log of nonzero LWC. This can be accomplished using a lookup table made
by Monte Carlo sampling of bivariate Gaussian distributions to relate the Gaussian
and log(LWC) correlations. If one were very ambitious, the general two-point pdf
might be approximated more closely by generating a sequenceof Gaussian �elds
with different correlation matrices. The sequence of Gaussian �elds, › œ •

ž Ÿ   Ÿ ¡ ¢ ,
would then be combined nonlinearly, e.g.£ ¤ ¥ •› ¦ § ¨ © ›

©

©

§ ¨ ª ›

ª

ª

§ « « «

¢ . The
dif�cult part, of course, is to �gure out what cross-correlation matrices to use to
generate the Gaussian �elds.

Even though vertically pointing radar data are the input to the algorithm, the isotropy
assumption could be relaxed. First, the anisotropic information the radar does pro-
vide, that of upwind versus downwind, could be accommodated. This would make
the correlation function no longer symmetric in the horizontal lag. For making 3D
stochastic �elds, the correlation function could be divided into symmetric and an-
tisymmetric parts, and the antisymmetric part of the stochastic �eld could be ap-
plied with the cosine of the azimuth angle. Second, it is possible to introduce arti�-
cial (and adjustable) anisotropy (Hinkelman, 2003). Instead of an isotropic Fourier
space amplitude function,¬ ­

® ¯

, the function can be “stretched” in one direction
(and narrowed in the other) with parameter° by substituting in¬ ­ ± • °

® ²

¢ ©

§ •

® ³ ´

°

¢ ©

¯

(
® ²

and
® ³

are the two horizontal Fourier space wavenumbers). This introduces
an anisotropy that stretches the cloud elements in one direction. The clouds can
be tilted in the X-Z plane by multiplying the Fourier components by µ ¶ · •¸ ¹

® ²

¡ ¢ ,
where ¡ is the height and¹ controls the slope of the tilt.

There are a number of applications of the stochastic cloud �eld algorithm described
here. Our immediate application is to study domain average solar radiative transfer
in trade cumulus �elds above Nauru. The objective is to compare the horizontal
transport effect in 2D and 3D cloud �elds and assess the magnitude of the 3D
radiative transfer effects. (This work will be described ina separate paper.) The
stochastic algorithm, perhaps with minor modi�cations, could be used to simulate
other types of clouds observed with radar, such as stratocumulus and cirrus. The
stochastic cloud �elds could be used for 3D radiative transfer simulations or sim-
ulating the response of future cloud remote sensing instruments. The advantage of
a stochastic cloud �eld algorithm, besides having the ability to generalize the third
dimension from 2D radar data, is that many realizations can be produced having
the same underlying statistics. This could be important, for example, for assessing
whether the disagreement between modeled and measured radiative �uxes is due to
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cloud sampling errors or incorrect cloud statistics. Finally, this rather complex data
generalization model could be the starting point for developing simple stochastic
cloud algorithms that include realistically varying vertical structure.
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A Stochastic Generation Algorithm Details

A.1 Obtaining statistics from input X-Z �elds

The time-height cross sections of LWC andº » are input as X-Z images along with
pixel aspect ratios, which are derived from the advection wind speed associated
with each image. The images are input as two byte integers andthus the LWC and

º » values have already been discretized. The �rst step in gathering the information
needed to generate stochastic �elds is to accumulate the single point statistics. A
histogram,¼ ½¾ ¿ À Á Â , where ¾ is the LWC, is generated from the LWC images for
each of theÃ Á levels (Ä Å À Á Å Ã Á ) and used to construct a discrete cumulative
distribution (CDF) according to

Æ Ç È É

½ Ê ¿ À Á Â Ë Ì

È

Í Î Ï

¼ ½¾ ¿ À Á Â

Ì

È Ð Ñ Ò

Í Î Ï

¼ ½¾ ¿ À Á Â Ó

(A.1)

The º » �eld is conditioned on the LWC �eld so that the two are properly coordi-
nated. This is achieved by having theº » CDF depend on the LWC CDF:

Æ Ô Õ

½º » ¿ Ö

Ç È É

Â Ë

Ì

Ô Õ

Ô

Î Ï

¼ ½º ¿ Ö

Ç È É
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Ç È É

Â

¿ (A.2)
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where × Ø

Ù Ú Û Ü Ý Þ ß is the histogram of discreteÙ à values andÛ Ü Ý Þ is the LWC
CDF bin number. (These bins are equally spaced in probability after the probability
lump at zero LWC and there are 100 bins.) Lookup tables from standard Gaussian
distribution values to LWC andÙ à values are created. For example, the LWC table
is represented by

á â ã ä å

Ü Ý Þ æ

ã ç

æ

è é é

Ú (A.3)

where
è

is a Gaussian random deviate,
á

is the output LWC value,
ã ä å

Ü Ý Þ is the
inverse of the LWC CDF, and

ã ç

is the CDF of a Gaussian distribution. (These
tables have 20000 entries and input Gaussian deviate range from -5 to 5.)

The �nal single-point statistic needed is the correlation between the LWC andÙ à

Gaussian �elds, which is denoted byê ëì í

î ï

ä

Ü Ý Þ . This is obtained by inversion from
the correlation between the logs of the nonzero pixels of theLWC and theÙ à �elds
( ê

ëð ñ í

î
ï

ä

Ü Ý Þ ). A function translates the Gaussian space correlation,ê
ë ì í

î
ï

ä

Ü Ý Þ , to the
log real space correlation,ê ëð ñ í

î
ï

ä

Ü Ý Þ , by Monte Carlo sampling of a bivariate Gaus-
sian distribution and conversion to LWC andÙ à with the lookup tables described
in the last paragraph. This function is inverted to obtain the desiredê ëì í

î ï

ä

Ü Ý Þ using
the bisection root �nding method.

As described in the main text, the spatial information aboutthe cloud �eld is ob-
tained from the correlation function of the binary cloud mask �eld. First, each in-
put X-Z image is linearly interpolated horizontally to makean image with a 1-to-1
pixel aspect ratio. Usually this makes a longer, smoothed image. The LWC images
are then compared with a user de�ned threshold to make the binary mask images,

ò

Øó ô

Ú

ó õ

ß . The lag-symmetric cross-covariance matrix for a binary mask image is
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where ÷ is the horizontal lag,ú ô is the number of pixels in the horizontal, and
�

ò

Øó õ

ß is the mean of the mask �eld at height leveló õ . Note that the the posi-
tive and negative lags of the covariance matrix are averagedto produce a sym-
metric function. This cross-covariance calculation is actually carried out by fast
Fourier transforming

ò

Ø ó ô

Ú

ó õ

ß

û

�

ò

Øó õ

ß in the horizontal for each level, multi-
plying the Fourier coef�cients for each pair of levels to calculate the (real, sym-
metric) cross-spectral density matrix, and Fourier transforming back to obtain the
cross-covariance matrix. The cross-covariance matrices for all the input images
are combined in a weighted average. The weighting is by inputimage length (i.e.
time) rather than interpolated image length (i.e. distance). The weighting also gives
less weight to the short lags not actually represented in thedata due to the wind

22



stretching. The binary cross-correlation matrix� �

� � � � � � 	 � 
 �

is calculated from the
accumulated cross-covariance matrix in the usual way by normalizing by the lag
zero variances on the diagonal.

The binary mask cross-correlation matrix,� �

� � � � � � 	 � 
 �

, is converted to the ini-
tial Gaussian �eld cross-correlation matrix,� 
 �

� � � � � � 	 � 
 �

, element-by-element. It is
easiest to calculate the binary mask correlations from a bivariate Gaussian distribu-
tion with correlation� and then invert the relationship. The binary mask correlation
is related to the probability�

� 	

of points 1 and 2 being both cloudy by
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where�

�

and�

	

are the probabilities of point 1 and point 2 being cloudy, which are
simply the cloud fractions at the levels containing points 1and 2. The probability
of both points being cloudy is
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where� is the Gaussian correlation and
�

�

and
�

	

are thresholds that give the correct
cloud fractions for each level. The Gaussian distribution threshold

� %

is found by
inverting

�
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(A.7)

where �

%

is the cloud fractions for the
�

'th level. The �rst integral in (A.6) is the
cumulative distribution function for a normal distribution and is obtained from a
computer implementation of the complementary error function. The second inte-
gral is performed numerically with Romberg integration. For each pair of height
levels a table is made of Gaussian correlations�

%

between -0.2 and 1.0 and the cor-
responding binary correlation�

%

. This table is �t with a cubic spline, which is then
used to translate each element of the binary correlation matrix � �

� � � � � � 	 � 
 �

to the
Gaussian correlation matrix�




�

� � � � � � 	 � 
 �

.

As described in the main text, the Gaussian correlation matrix obtained from element-
by-element conversion of the binary mask correlation matrix is not positive de�nite
as required. Therefore an optimization procedure is used toadjust the Cholesky
decomposition of the cross-spectral density matrix to minimize the weighted dif-
ference from the desired Gaussian correlation matrix. The Cholesky decomposition
is a lower triangular matrix+ , such that, � + + - , where , is the cross-spectral
density matrix for each Fourier wavenumber (+ - is the transpose of+ ). Thus the
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Cholesky decomposition is the “square root” of. , and the cross-spectral density
matrix is guaranteed to be positive de�nite. The cross-spectral density matrix is
calculated from the Cholesky matrix for each Fourier component / by

. 01 2 3 4 1 2 5 4 / 6 7 8 9

:

; <

3 =

01 2 3 4 > 4 / 6

=

0 > 4 1 2 5 4 / 6 ? (A.8)

There are@ A 7 @ B C D E F G Fourier components (i.e.H I / I @ A J G ) and also@ A

lags in the correlation function, where@ B C is the number of pixels horizontally in
the output �elds. The cross-correlation matrix is obtainedfrom a cosine transform
of the cross-spectral density matrix:
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The cost function for the minimization is the weighted sum ofsquares difference
between the trial Gaussian correlation matrix

K

and the desired Gaussian correla-
tion matrix

K ^

, namely
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. The uncertainties for the cost function are chosen fairly arbitrarily to be

c
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so that high weight is given to correlations near unity. The cost function is mini-
mized with a standard conjugate gradient routine. This requires the gradient of cost
function with respect to the Cholesky matrix elements
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wherej

01 4 h 4 / 6 is the transpose cosine transform of the correlation matrixresiduals:
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The k lm n o p m n q p r s are initialized by 1) performing cosine transforms on the lower
triangular part of the cross-correlation matrix,t u lm n o p m n q p v s , to get the cross-spectral
density matrix,w u l m n o p m n q p r s , 2) for eachr performing an eigenvector/eigenvalue
decomposition of the cross-spectral density matrix, 3) foreach r thresholding the
eigenvalues to positive values and combining with the eigenvector matrix to gen-
erate a positive de�nite version of the cross-spectral density matrix, 4) doing a
Cholesky decomposition to obtaink lm n o p m n q p r s . After the conjugate gradient rou-
tine �nishes (fractional gradient less than a speci�ed value), k lm n o p m n q p r s is trans-
formed to the cross-correlation matrixt lm n o p m n q p v s .

The stochastic noise �ltering amplitudes in Fourier space are computed from the
positive de�nite Gaussian cross-correlation matrix. First the the cross-spectral den-
sity matrix is obtained from the cross-correlation matrix with a cosine transform

w lm n o p m n q p r s x y

z {

l| } ~

y

s • € •

o

‚

ƒ „ … †

}

ƒ

t l m n o p m n q p v s ‡ (A.15)

For each Fourier componentr the eigenvectors and eigenvalues of the (real, sym-
metric) cross-spectral density matrix are computed. The eigenmatrix equation is

• ˆ

‚

‰

ˆ Š

„

o

w l m n o p m n q p r s ‹ lm n q p Œ p r s x • Ž •} ‹ lm n o p Œ p r s ‡ (A.16)

The stochastic �ltering amplitudes are the square root of the eigenvalues, and the
lower value amplitudes may be decreased for noise reductionusing

• ‘

q ’

l Œ p r s x
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• Ž •}
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• Ž •} “ • ”

‰

Ž

p (A.17)

where • ”

‰

Ž is a user speci�ed parameter. This effectively smooths the real space
�eld and is analogous to Weiner �ltering.

For generating 2D (X-Z) stochastic �elds, the �ltering amplitudes are used essen-
tially as is. For generating 3D (X-Y-Z) stochastic �elds, the �ltering amplitudes
have to be modi�ed, as seen in the following derivation. Consider the discrete
Fourier transform of a single level, 2D (X-Y) stochastic �eld:

•

lm – p m — s x

• •

o
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} ˜

„ …

• •

o

‚

} ™

„ … š

l r – p r — s › œ • ž Ÿ
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m

| ¡

l r – m – “ r — m — s ¢ p (A.18)

where
š

l r – p r — s is the Fourier space �eld,
•

lm – p m — s is the real space �eld, and the
�elds are | £ | complex numbers. The Fourier transform of a line in the X di-
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rection, ¤ ¥¦ § ¨ © ª (at ¦ « ¬ © for convenience), is related to the Fourier space �eld
by ­
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¦
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The power spectrum for an ensemble of stochastic lines is thus
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For isotropic stochastic �elds the Fourier �eld is
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, whereÉ ¥
¾

ª is the amplitude function,
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, and Ê is a �eld of indepen-
dent standard Gaussian random variables. Substituting in the isotropic stochastic
�elds gives

Ä

¥
¾

§ ª ¬

Å
Æ

Æ

Æ

Æ

Æ

Æ

¯ ° ±

²

À Á
µ ¶

É ¥

Ë

¾

Ç

§ Ì

¾

Ç

«

ª Ê ¥
¾

§ ¨
¾

« ª
Æ

Æ

Æ

Æ

Æ

Æ

Ç
È

¨ (A.22)

and, since the random variables are independent with unit variance, the power spec-
trum is
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In this case, the power spectrum
Ä

¥
¾

§ ª is known from the input image statistics,
but the amplitude functionÉ ¥

¾
ª is needed for the 3D stochastic �eld generation,

and thus this equation must be inverted. The inversion problem is turned into an
optimization problem by minimizing a cost function using a conjugate gradient
routine. The cost function is
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where
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å ð . The amplitudes for the

3D stochastic �elds,ñ ò ó ô ã
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Û

å , are then found by minimizing the cost function.

A.2 Generating stochastic �elds from 2D statistics

The procedure for generating the 2D or 3D stochastic �elds from the statistics is
much simpler than the one for deriving the statistics. The �rst part is to generate an
ensemble of Gaussian stochastic �elds. The �rst step in making a single Gaussian
stochastic �eld is to generate complex Gaussian random deviates for the vertical
principal components in the Fourier domain. Two Gaussian white noise �elds are
made,ö ÷ ã

õ

ä

Û

ß ä

Û

á å for the LWC �eld, and ö

Þ

ã

õ

ä

Û

ß ä

Û

á å for the ø ù �eld:
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where
ú �

are standard Gaussian deviates (independent for eachõ ,
Û

ß ,
Û

á ) and
ü

òý ô

þ
ÿ
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� � �

is the Gaussian space correlation between the two �elds (discussed above). The
second step is to multiply the Gaussian random components bythe �ltering ampli-
tudes,ñ ã

õ
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Û

å , and perform a vertical principal component transform by multiply-
ing by the eigenvector matrix,� ã
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å , for each Fourier component:
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where
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� . Note that only nonnegative
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ß need to be
generated because the Fourier space �eld is complex conjugate symmetric (since
the real space �elds are real). The stochastic Fourier �eldsare divided by a con-
stant normalization factor calculated using Parsevals Theorem so that the Gaussian
�elds in real space have approximately unit variance. The last step in generating
the Gaussian stochastic �elds is to perform a Fourier transform for each level (û 	 ):
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Actually, a complex conjugate to real FFT is used to save about a factor of two in
computation time, so the negative

Û

ß are not used.

The second part of the stochastic �eld generation process isto convert the Gaussian
�elds to an ensemble of non-Gaussian LWC andø ù output �elds. Cumulative distri-
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bution functions of the Gaussian �elds are accumulated for forcing the ensemble of
output �elds to have virtually the same single-point statistics as the input images.
The CDF of the Gaussian �elds for LWC ($ % & '

(

& ) ) and the CDF of the Gaussian
�eld for * + conditioned on the LWC CDF ($ % , '

(

, - $ % & '

(

& ) ) ) are computed. The
Gaussian �elds are then converted using lookup tables that may be represented by
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and
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where
. /0 1

-

0 2

-

0 3 4

is one LWC �eld and*

/0 1

-

0 2

-

0 3 4

is one* + �eld.
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